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Abstract
We study the Luttinger{Schwinger model, i.e. the (1+1) dimensional model of mass-
less Dirac fermions with a non-local 4{point interaction coupled to a U(1)-gauge eld.
We work within the Hamiltonian framework on the cylinder, and construct the eld
operators and observables as well{dened operators on the physical Hilbert space. The
complete solution of the model is found using the boson{fermion correspondence, and
the formalism for calculating all gauge invariant Green functions is provided. We dis-
cuss the role of anomalies and show how the existence of large gauge transformations
implies a fermion condensate in all physical states. The meaning of regularization and
renormalization in our well{dened Hilbert space setting is discussed. We illustrate the
latter by performing the limit to the Thirring{Schwinger model where the interaction
becomes local.




Since the early days of quantum eld theory (QFT) 1+1 dimensional models have attracted
much attention. They have been extremely valuable to develop general ideas and intuition
about the structure of QFT. The eldest and perhaps most popular of these 1+1 D models
bear the names of Thirring [1] { Dirac fermions interacting with a local current-current
interaction { and Schwinger [2] { quantum electrodynamics with fermions. The models
originated in particle physics and therefore, in order to have Lorentz invariance, were con-
sidered mainly on innite space R (see e.g. [3, 4, 5] and references therein). Then one has
to deal with infrared (innite space volume) divergences in addition to singularities coming
from the ultraviolet (short distances). In case the fermions are massless, both models are
soluble [2, 6, 7] and a very detailed picture of their properties can be obtained. Another
related model originated from solid state physics and is due to Luttinger [8] { massless
Dirac fermions on spacetime S1R interacting with a non-local current-current interaction
(Lorentz invariance is nothing natural to ask for in solid state physics). The Luttinger
model shows that an interacting fermion system in one space dimension need not behave
qualitatively similar to free fermions but rather has properties similar to a boson system.
Such behaviour is generic for 1+1 D interacting fermion models and is denoted as Luttinger
liquid in solid state physics, in contrast to Landau liquids common in 3+1 D.
To consider the Luttinger model on compact space has the enormous technical advantage
that infra red (IR) problems are absent, and one can concentrate on the short distance (UV)
properties which are rather simple due to the non-locality of the interaction. In fact, this
allows a construction of the interacting model on the Fock space of free fermions [9, 10, 11]
and one directly can make use of mathematical results from the representation theory of the
ane Kac-Moody algebras. Such an approach was recently given for QCD with massless
fermions [12]. As shown by Manton [13], the Schwinger model on compact space S1 allows a
complete understanding of the UV divergences and anomalies and their intriguing interplay
with gauge invariance and vacuum structure.
In the present paper we study the extension of the Luttinger model obtained by coupling
it to a dynamical electromagnetic eld. For vanishing Luttinger (4-point) interaction our
model therefore reduces to the Schwinger model as studied by Manton [13], and for vanishing
electric charge to the Luttinger model [9]. Since our approach is in Minkowski space and
provides a direct construction of the eld{ and observable algebras of the model on a
physical Hilbert space, it is conceptually quite dierent from the path integral approach,
and we believe it adds to the physical understanding of these models.
The plan of the paper is as follows. In Section 2 the construction of the model is given.
To x notation, we rst summarize the classical Hamiltonian formalism. We then construct
the physical Hilbert space and discuss the non-trivial implications of anomalies (Schwinger
terms) and gauge invariance. In Section 3 the model is solved by bosonization, and a
method for calculating all Green functions is explained. As an example the equal time 2-
point functions are given. In Section 4 we comment on regularization and renormalization
in our setting. We discuss the limit to the Thirring-Schwinger model where the 4-point
interaction becomes local and space innite. We end with a short summary in Section 5. A
summary of the mathematical results needed and some details of calculations are deferred
to the appendix.
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2 Constructing the model
2.1 Notation
Spacetime is the cylinder with x = x1 2   [−L=2; L=2] the spatial coordinate and
t = x0 2 R time. We have one Dirac Fermion eld  (x) and one Photon eld A(x) (here
and in the following, ; 0 2 f+;−g are spin indices, ;  2 f0; 1g are spacetime indices,
and x = (t; x); y = (t0; y) are spacetime arguments).

















where F = @A − @A and γ  (γ)0 are Dirac matrices which we take as γ
0 = 1
and γ1 = i2, and γ5 = −γ
0γ1 = 3 (i are Pauli spin matrices). As usual, the fermion
currents are j =  γ ; and we assume the 4{point interaction to be instantaneous (local
in time)
v(x− y) = (t− t0)V (x− y) (2)
where the interaction potential is parity invariant, V (x) = V (−x). As in case of the
Luttinger model [10] we will also have to assume that this potential is not ‘too strong’, or
















< Wk < 1 8k and
X
k
jkW 2k j <1: (3b)
From the action (1) we obtain the canonical momenta A0(x) ’ 0, A1(x) = F01(x) =
E(x) etc. (here and in the following, we set t = 0 and make explicit the dependence on the













dxdy +(x)V (x− y)−(y); (4)
and the Gauss’ law
G(x) = −@1E(x) + e(x) ’ 0 : (5)
We introduced chiral fermion currents
(x) =  (x)
1
2
(1 γ5) (x) (6)
so that fermion charge{ and momentum density  = j0 and j = j1 can be written as
(x) = +(x) + −(x)
j(x) = +(x)− −(x): (7)
1unless otherwise stated, repeated indices are summed over throughout the paper
2@  @=@x
 ; our metric tensor is g = diag(1;−1)
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2.2 Observables
The observables of the model are all gauge invariant operators. They leave invariant phys-
ical states. The ground state expectation values of these operators are the Green functions
we are interested in. For latter reference we write down the action of static gauge transfor-
mations i.e. dierentiable maps ! U(1); x 7! ei(x),








E(x) ! E(x) :
These obviously leave our Hamiltonian and Gauss’ law invariant. We note that every
gauge transformation can be decomposed into a small and a large gauge transformation,
















with n = (L=2)−(−L=2)2L . The large gauge transformations correspond to 1(S
1) = Zand
play an important role in the following, as expected from general arguments [14]. It is
important to note that Gauss’ law (5) requires physical states only to be invariant under
small (but not under large) gauge transformations.








In fact, Y above is only invariant with respect to small gauge transformations and changes
by multiples of 1=e under the large ones. Thus the quantity which is invariant under all
gauge transformations is ei2eY which is equal to the Wilson line (holonomy)





The fermion elds are not gauge invariant, but by attaching parallel transporters to them





dyA1(y) (x) ; r 2  (12)
which obviously are invariant under all (small and large) gauge transformations (8) with
(r) = 0; r is a spatial point which we can choose arbitrarily. Note that these elds also
obey CAR but are not antiperiodic: they obey (L=2) = −W [A1](−L=2) where W [A1]
is the Wilson line above. Bilinears of these operators are the meson operators
M0(x; y) = 

(x)0(y) :
These are invariant under all static gauge transformations and thus can be used as building
blocks of the Green functions we are interested in.
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2.3 The quantum model
In the following we nd it convenient to work in Fourier space. We introduce the following







n 2Z : (13a)



















and similarly for odd (we will use the same symbols  and ^ also in the latter case). Then
the appropriate -function satisfying
R^
 d^q ^(k − q)f^(q) = f^(k) is ^(k − q) 
L
2k;q.








−iqx;  ^(q) =  ^(q)
 (q 2 odd) (14a)







−ikx (k 2 ) (14b)




dx Y (x)e−ikx (k 2 ) for Y = E; ; ; j; V (14c)
Following [10] we also nd it convenient to introduce Wk = V^ (k)=8 (cf. (3a)). With that
the non-trivial C(A)CR in Fourier space are
[A^1(p); E^(k)] = i^(k + p)
f ^(q);  ^

0(q
0)g = 0 ^(q − q
0): (15)
The essential physical requirement determining the construction of the model and imply-
ing a non-trivial quantum structure is positivity of the Hamiltonian on the physical Hilbert
space. It is well-known that it forces one to use a non-trivial representation of the eld
operators of the model. The essential simplication in (1+1) (and not possible in higher)
dimensions is that one can use a quasi-free representation for the fermion eld operators
corresponding to \lling up the Dirac sea" associated with the free fermion Hamiltonian,
and for the photon operators one can use a naive boson representation. This will be veried
for our model for the class of potentials V obeying (3a,b).
So the full Hilbert space of the model is H = HPhoton ⊗HFermion. For HPhoton we take
the boson Fock space generated by boson eld operators b(k) obeying CCR
[b(k); b(p)] = ^(k − q) etc. (16a)
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and a vacuum3 ΩP such that










where s4 = e2 (the reason for choosing this factor s will become clear later). We will use
below normal ordering

   

 of bilinears in the Photon eld operators with respect to the





For HFermion we take the Fermion Fock space with vacuum ΩF such that
1
2




(q) ΩF = 0 8q > 0 : (18)
The presence of the Dirac sea requires normal-ordering :    : of the Fermion bilinears




d^q : q  ^(q)γ5 ^(q) : and ^ (6). This modies their naive commutator
relations following from the CAR as Schwinger terms show up [15, 16, 17]. In our case, the
relevant commutators are:
[^(k); ^(p)] = k^(k + p) ;
[^(k); ^(p)] = 0 ; (19)
[H^0; ^
(k)] = k^(k) :
We note that
^+(k)ΩF = ^
−(−k)ΩF = 0 8k > 0 (20)
which together with (19) shows that the ^+(k) (resp. ^−(k)) give a highest (resp. lowest)
weight representation of the Heisenberg algebra.
We can now write the Gauss’ law operators in Fourier space as
G^(k) = −ikE^(k) + e^(k); (18)
so eqs. (19) imply
[G^(k); ^(p)] = ke^(k + p):
Due to the presence of the Schwinger terms, these Fermion currents no longer commute
with the Gauss’ law generators, hence they are not gauge invariant and no observables of
the model.
To obtain Fermion currents obeying the classical relations (without Schwinger terms),
we note that [G^(k); A^1(p)] = k^(k+ p); hence the operators
~(k)  ^(k) eA^1(k) (19)
commute with the Gauss law generators and are thus the observables of the model corre-
sponding to the chiral Fermion currents on the quantum level. Recalling the normalization
is only unique up to nite terms, it is natural to regard the ~(k) as the fermion currents
3Note that the term \vacuum" here and in the following does not mean that this state has anything to
do with the ground state of the model; it is just one convenient state from which all other states in the
Hilbert space can be generated by applying the eld operators.
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obtained by a gauge covariant normal ordering preserving the classical transformation prop-
erties under gauge transformations. Indeed, these currents can be shown to be identical to
those obtained by the gauge invariant point splitting method.
Similarly, the naive Hamiltonian H^ = H^1 + H^2,


















is not gauge invariant: H^1 { which is the naive Hamiltonian of the Schwinger model { obeys
[G^(k); H^1] = 2ke
2A^1(k)
and therefore becomes gauge invariant only after adding a photon mass term [13]Z^

d^k e2A^1(k)A^1(−k)






photon mass{squared is e2=). Also the Luttinger{interaction term H^2 becomes gauge
invariant only if one replaces the non{gauge invariant currents ^ by the gauge invariant
~ ones.
Thus we obtain the gauge invariant Hamiltonian of the Luttinger{Schwinger model as
follows,





















We can now explain the choice (17a,b) for the representation of the Photon eld: the fac-

















 (cf. Appendix A for the precise denition of normal ordering; for simplic-
ity of notation we do not distinguish the normal ordering symbol for the photon elds and






















which is now explicitly gauge invariant.
4in the modern literature this is often referred to as (special case of the) Sugawara construction
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3 Solution of the model
3.1 Gauge Fixing
The only gauge invariant degree of freedom of the Photon eld at xed time is the holonomyR
 dxA1(x) and one can gauge away all Fourier modes A^1(k) of the gauge eld except the
one for k = 0. Thus we can impose the gauge condition








for k 6= 0: (23)
This determines all components of E except those conjugate to Y : E^(0) = L2
@
i@Y . After
that we are left with the (k = 0){component of Gauss’ law, viz.
eQ0 ’ 0; Q0 = ^(0) = ^
+(0) + ^−(0) : (24)
Inserting this into (21), gives the Hamiltonian of the model on the physical Hilbert space
Hphys = L2(R;dY ) ⊗ H0Fermion (where H
0












































3.2 Diagonalization of the Hamiltonian












^+(k) for k > 0
1p
jkj
^−(k) for k < 0
(27a)
obeying usual CCR
[c(k); c(p)] = ^(k− p) etc.: (27b)













(c(k)c(−k) + c(k)c(−k)) :
(27c)
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For k = 0 we introduce the quantum mechanical variables
P =
(











obeying Heisenberg relations, [P;X ] = −iL=2, which allow us to write h0 as Hamiltonian






















(the last term stems from normal ordering

   

 and is irrelevant for the following).
We can now solve the model by diagonalizing its decoupled Fourier modes hk separately,
with the help of a boson Bogoliubov transformation preserving the CCR,
C(k) = cosh(k)c(k) + sinh(k)c
(−k) (29)
where k = −k. This leads to



























(k 6= 0): (30d)











































































; hence E0 is nite due
to our assumptions (3b) on the potential.)
We now construct the unitary operator U implementing the Bogoliubov transformation
(29), i.e.
C(k) = Uc(k)U 8k 2 : (33)
It is easy to see that operators Uk satisfying C(k) = Ukc(k)U

k for all k > 0 are given
by
Uk = e
Sk ; Sk = k (c(k)c(−k)− c
(k)c(−k)) (34a)
which are unitary since the operators Sk are screw-hermitian.
5 Thus,









and therefore (34c) is necessary and sucient for the unitary operator U to exist. This

















and therefore U is the unitary operator diagonalizing the non{zero modes of our Hamilto-
nian.
3.3 Gauge invariant states
By the gauge xing above we reduced the Hilbert space fromH toH0phys containing all states
invariant under small gauge transformations, i.e. of the form ei(x) with (L=2) = (−L=2).
There are, however, still large gauge transformations present which are generated by ei2x=L.
It is important to note that physical states need not be invariant under these latter trans-
formations, but it is useful to construct states with simple transformation properties. This
is the origin of the {vacuum.
The large gauge transformation ei2x=L acts on the elds as follows
 (x)
R




! eY − 1 (36)
where R are the implementers of e
i2x=L in the chiral sectors of the fermions and are
discussed in detail in Appendix A. The large gauge transformation R obviously generates
5i.e. iSk is selfadjoint
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a group Z, n! Rn, and we denote this group as ZR. Our aim is to construct the states in
Hphys which carry an irreducible representation of ZR and especially the ground states of
our model.
We start with recalling that the Fermion Fock space can be decomposed in sectors of
























H(n;−n) ; H(n;−n) = (R+R−)
nH(0;0) (38)
is the zero charge subspace of the Fermion Fock space and we use the Schro¨dinger rep-
resentation for the physical degree of freedom Y =
R
 dxA1(x)=2 of the photon eld as
discussed in the last subsection. Hphys can therefore be spanned by states
Ψ(n) = ’(Y + ne )(R+R−)
nΨ; ’ 2 L2(R;dY ); Ψ 2 H(0;0) (39a)
which, under a large gauge transformation (36), transform as
Ψ(n)
R
! Ψ(n− 1): (39b)







It is easy to calculate the inner products of these states,
< Ψ1;Ψ
0
2 >= 22(− 




in, since < (R+R−)
nΨ1; (R+R−)
mΨ2 >= n;m < Ψ1;Ψ2 >F; < ;  >F
and < ;  >L2 are the inner products in HFermion and L
2(R;dY ), respectively). Thus the
states Ψ actually are not elements in Hphys (they do not have a nite norm).
In our calculation of Green functions below we nd it useful to use the notation
< Ψ1;Ψ

2 >< Ψ1;Ψ2 >F (’1; ’2)L2 (42)
which can be regarded as redenition of the inner product using a simple multiplicative
regularization (dropping the innite term 22(0)).
We now construct the ground states of our model. As expected, the quantum mechan-
ical variables P;X (28a) describing the zero mode h0 of the Hamiltonian have a simple


















’(Y + ne )(R+R−)
nΨ: (43)
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(1−W0); and the other eigenstates are the harmonic oscillator eigen-
functions ’n / C
(0)n’0. From C(k) = Uc(k)U
 and c(k)ΩF = 0 it is clear that the
ground state of all hk>0 is UΩF. We conclude that the ground states of our model obeying
HΨ0 = LE0Ψ









3.4 Gauge invariant Green functions
The observables of our model now are operators on Hphys where
R
 dxA1(x) is represented
by 2Y . We recall that the fully gauge invariant eld operators are the , (12), which are
represented in the present gauge xed setting by
(x) = e
i2eY (x−r)=L (x):
These operators depend on the r 2  chosen. Bilinears such as meson operators are, how-
ever, independent of r and give rise to translational invariant equal time Green functions.






2Q5  w[A1] (46)
is gauge invariant (note that W [A1] = e
iw[A1]). This operator is represented by eY + 12Q5 =
P=2 (cf. (28a)).
The gauge invariant equal time Green functions of the model are the ground state
expectation values of products (  ) of meson operators and functionals F [P;X ] of the zero
mode operators P , X . Since we only consider (  ) which are also invariant under large
gauge transformations, the transition amplitudes
D




are always proportional to
2(− 0). Thus the Green functions we consider can be dened asD
Ψ0; F [P;X ]

















= 1, cf. (42)).
Following [10] it is useful to dene interacting fermion elds
Ψ(x) = U
 (x)U (48a)
such that (47) becomes
Eq. (47) =
D
Ω; F [P;X ] Ψ1(x1)Ψ1(y1)   Ψ

N













is the {state constructed from the free fermion vacuum.
The strategy to calculate Green functions of the model using bosonization techniques
is the following: the relation (A2) of appendix A can be used to move the operators R
and combine them to some power of (R+R−). The operators Q when applied to physical
states become simple C{numbers: Q(R+R−)
n = (R+R−)n(n+Q) for all integers n, and
QΩF = 0. For the exponentials of boson operators we use the decomposition into creation
and annihilation parts outlined in A.4. The normal ordering procedure gives a product of
exponentials of commutators which are (C -number) functions. For the correlation functions
































































is the 2-point function of free fermions, and the Schwinger




Note that the Green function (49b) depends on  and is non{zero due to chiral symmetry
breaking as in the Schwinger model. As expected, for vanishing electromagnetic coupling,
e = 0, this Green function vanishes (due to the factor e−=mL appearing in (49b)).
















mLC(L) = eiC (51)
with a constant C which can be calculated in principle from eq. (50). In the special case of




γ where γ = 0:577 : : : is Eulers constant (see e.g. [18, 19]).
4 Multiplicative regularization and the Thirring model
4.1 Thirring model as limit of the Luttinger model
We recall that the Thirring model is formally obtained from the Luttinger model in the
limits
L!1; V (x)! g(x) (52)
i.e. when the interaction becomes local and space becomes innite. The rst limit amounts
to remove the IR cut{o of our model. By inspection it can be easily done in all Green
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functions. The second limit in (52) is non{trivial: we recall, that condition (3b) on the
Luttinger potential requires sucient decay of the Fourier modes Wk of the interaction,
and this is violated in the Thirring model where Wk = W0 is independent of k. This latter
condition was necessary for the interacting model to be well{dened on the Hilbert space
of the non{interacting model.
A better understanding can be obtained by explicitly performing the limit (52) in the
present setting. The idea is to nd a family of Luttinger potentials fV‘(x)g‘>0 becoming
local for ‘ # 0, i.e. for all ‘ > 0 the condition (3b) is fullled and lim‘#0 V‘(x) = g(x). Then
for all ‘ > 0 everything is well-dened on the free Hilbert space and one can work out in
detail how to regularize such that the correlation functions make sense for ‘ # 0.
We note that a direct construction of the Thirring model in a framework similar to the
one here has been completed in [5]. This construction seems to be, however, dierent from
the one outlined below.
For the case of Luttinger-Schwinger model we split the function (x) into a part corre-
sponding to the pure Luttinger model and a part which describes the additional Schwinger
coupling, i. e. (x) = ((x)−e=0(x)) + e=0(x).
The limit Wk = W0 = const: exists for  −
e=0. As L ! 1, the sum in (50) turns























(cos(kx)− 1) : (53)
The rst integral becomes K0(jxj) + ln
jxj
2 + γ and the expression in the last line is a
second integral (n = 2) of K0 dened iteratively by Kin(x) =
R1
x Kin−1(t) dt, Ki0 =K0 [20].
Moreover we introduced a new mass by 2 = e2=((1 +W0)). Note that the singularities
at the origin of the Bessel function are removed by the additional terms, consistent with
(0) = 0.
No regularization has been necessary so far. Renormalization comes along with e=0.
We choose a Luttinger-interaction such that (1 −W 2k )
−1=2 − 1 = 2a2e−‘k where ‘ denes
the range of the interaction. For this choice we nd
e=0(x) = 2a2 ln
 ‘x+ i‘
 (54)
and obviously the Thirring limit makes sense only if one removes the singular part ln ‘
which can be done by a wave function renormalization of the form
(x)! ~(x) = Z
1=2(a; ‘)(x) with Z
1=2(a; ‘) = ‘−a
2
: (55)
A similar discussion holds for the chirality mixing correlation function. The 2-point function

































+ (cosh(20)− 1) ln jxj ;






















We checked that all Green functions of the Thirring-Schwinger model have a well-dened
limit after the wave function renormalization.
We would like to stress that this procedure can be naturally interpreted as low{energy
limit of the Luttinger{Schwinger model: if one is interested only in Green functions describ-
ing correlations of far{apart fermions, the precise form of the Luttinger interaction V (x)
should be irrelevant and only the total interaction strength g =
R
dx V (x) should matter.
Thus as far as these correlators are concerned, they should be equal to the ones of the
Thirring model corresponding to this coupling g.
5 Conclusion
We formulated and solved the Luttinger-Schwinger model in the Hamiltonian formalism.
Structural issues like gauge invariance, the role of anomalies and the structure of the phys-
ical states were discussed in detail. The necessary tools for computing all equal time
correlation functions were prepared and illustrated by calculating the 2{point Green func-
tions. From this the chiral condensate and critical exponents were computed. We could
also clarify how the non trivial short distance behavior of the Thirring-Schwinger model
arises in a limit from the Luttinger-Schwinger model.
Appendix A: Bosons from fermions and vice versa
In this appendix we summarize the basics for the bosonization used in the main text to
solve the Luttinger{Schwinger model. Bosonization is known in the physics literature since
quite some time ([16, 21, 22, 23]), for a discussion of the older history see [10]).
We consider the fermion Fock space HFermion generated by the fermion eld operators
from the vacuum ΩF as described in the main text. We note that HFermion = H+ ⊗ H−
where H are generated by the left{ and right{handed chiral components  ^+ and  ^− of our
Dirac fermions. Bosonization can be formulated for the chiral components  ^ separately
as it leaves the two chiral sectors H completely decoupled. For our purpose it is more
convenient to treat both chiral sectors together.
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A.1 Structure of fermion Fock space
We start by introducing two unitary operators R which are dened up to an irrelevant
phase factor (which we will leave unspecied) by the following equations,




and R commutes with  ^. A proof of existence and an explicit construction of these
operators can be found in [24]. Here we just summarize their physical meaning and special
properties.
It is easy to see that R are just the implementors of Bogoliubov transformations
given by the large gauge transformations  (x) 7! ei2x=L (x) and  (x) 7!  (x),
hence R+R− and R+R
−1
− implement the vector{ and the axial large gauge transformations
ei2x=L and eiγ52x=L, respectively. These have non{trivial winding number6 and change the
vacuum ΩF to states containing (anti-) particles. The latter follows from the commutator
relations with the chiral fermion currents
(R)
−1^(k)R = ^
(k) k;0 : (A2)
The essential point of bosonization is that the total Hilbert space HFermion can be
generated from ΩF by the chiral fermion currents ^
(k) and R. More precisely, for all
pairs of integers n+; n− 2Zwe introduce the subspaces D(n+;n−) of HFermion containing all
linear combinations of vectors
^+(k1)    ^
+(km+)^






where m 2 N0 and ki; qi 2 







is dense in HFermion (for a proof see e.g. [16]).
Remark: This Lemma gives the following picture of the structure of the Fock space
HFermion: It splits into superselection sectors H(n+;n−) (which are the closure of D(n+;n−))
containing the eigenstates of the chiral charges Q with eigenvalues n. The fermion
currents ^(k) leave all these sectors invariant, and the operators R intertwine dierent
sectors, R+ : H(n+;n−) !H(n++1;n−) and R− : H(n+;n−) !H(n+;n−−1).
A.2 Kronig’s identity


















It expresses the free Dirac Hamiltonian in terms of bilinears of the chiral fermion currents.





The boson{fermion correspondence provides explicit formulas of the fermion operators
 (x) in terms of operators ^
(k) and R,
 (x) = lim
"&0
 (x; ") (A6a)
(this limit can e.g. be understood in the weak sense for states in D), where


















e−ikxe−"jkj = −K(x; ")
: (A6d)
More explicitly, the normal ordering :    : is with respect to the fermion vacuum ΩF (cf.
(20)),
: exp(K(x; ")) : = exp(K
(−)
 (x; ")) exp(K
(+)











eikxe−"jkj;  = +;− (A7b)






 ΩF = 0 (cf. (20)).
A.4 Interacting fermions
From the denition of the interacting fermion elds Ψ(x) (48a) and the representation of
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